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H. Burkhardt, LCU 18/09/2012

Thin lens version of magnet lattice :   for tracking and error assignment

The makethin module in MAD-X allows for automatic slicing

MAKETHIN,SEQUENCE=sequence name, STYLE=slicing style;
where STYLE
SIMPLE : this is a simplified slicing algorithm which produces any number of equal strength 
slices at equidistant positions with the kick in the middle of each slice.
TEAPOT (default): this is the standard slicing. It has a maximum of four slices for any one 
object.

Acknowledgment :  discussions with
Massimo Giovannozzi, Thys Risselada, John Jowett, Werner Herr, Laurent Deniau, Riccardo De Maria

Much used with MAD-X and SIXTRACK for the LHC
TEAPOT is much better than SIMPLE,   described in recent IPAC’12 paper
Tracking LHC Models with Thick Lens Quadrupoles: Results and Comparisons with the Standard Thin Lens Tracking, tuppc079

Here :  extending TEAPOT slicing to any n > 1,  by minimizing the 3rd order focusing term
in the transfer matrix

Makethin updated and ATS Note with details written, to be released soon

http://accelconf.web.cern.ch/AccelConf/IPAC2012/papers/tuppc079.pdf
http://accelconf.web.cern.ch/AccelConf/IPAC2012/papers/tuppc079.pdf


Matrices, thick/thin quadrupole and drift
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For the discussion sufficient to work in 2-dimensions x, x’  (or equivalently y,y’)

Mthin(KL) =
1 0

−K2L 1
=

1 0
− 1

f 1

Mthick(K, L) =
cos KL sin KL

K
−K sin KL cos KL

Mdrift(d) =
1 d
0 1

where

K2   quadrupole strength    and  L  its length,      f = 1 /  K2 L    the focal length

d      is the drift length

2,1 matrix element, focusing term 



Simple equidistant slicing
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Msimple(K, L, n) = Mdrift(
L

2n
) Mthin(

KL

n
) Mdrift(

L

2n
)

n

Taylor expansions of the 2,1 matrix elements to 5th order in L

Mthick(K, L)2,1 = −K2L 1 − K2L2

6
+

K4L4

120

Msimple(K, L, n)2,1 = −K2L 1 − K2L2

6
1 − 1

n2
+

K4L4

120
1 − 5

n2
+

4

n4

differ in 3rd order in L

This can be fixed by moving the thin slices a bit closer to the edge  --->   TEAPOT slicing



SIMPLE and TEAPOT slicing
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TEAPOT much better than SIMPLE
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2. The original sequence is no longer available.
3. The slicer also slices any inserted sequence used in the

main sequence. These are also given the same names
as the originals.

4. Any component changed into a single thin lens has the
same name as the original. If a component is sliced
into more than one slice, the individual slices have
the same name as the original component and a suf-
fix ..1, ..2, etc., and a marker will be placed at the
centre with the original name of the thick element.

Typical parameters used for the LHC studies are:

• nominal LHC lattice: i) main dipoles and
quadrupoles: one slice; ii) insertion quadrupoles: two
slices; iii) separation dipoles and low-beta triplets:
four slices.

• upgrade LHC lattices [10]: i) main dipoles and
quadrupoles: two slices; ii) separation dipoles, inser-
tion quadrupoles: four slices; iii) low-beta triplets:
sixteen slices.

In the case of the LHC upgrade optics, the number of slices
is in general larger than for the nominal lattice, by a factor
of two to four. This is due to the optics, featuring more
pushed values of β∗. In the following, only the nominal
LHC machine will be considered. From the previous dis-
cussion, in all cases in which the number of slices exceeds
four, the standard approach of equal, equidistant slices is
applied.

NEWMODEL MIXING THIN AND THICK
QUADRUPOLE ELEMENTS

In the proposed new sequence to be used for tracking
studies, the quadrupoles are modelled as follows: The usual
thin multipole slices, created and positioned in MAD-X by
the MAKETHIN command using the non-equidistant TEAPOT
style, are kept unchanged to contain the field error compo-
nents. The remaining thick magnet length is filled up with
newly created thick quadrupole slices to contain the nomi-
nal pure quadrupole field.

Two variants of this approach have been considered.
The tracking of thick elements requires a longer CPU-
time. Therefore, the two options depend on whether all the
quadrupoles are kept as thick elements or not. The first lat-
tice represents the more extreme solution, and possibly the
slowest in terms of tracking, in which all quadrupoles are
kept thick. The second option is made of thin quadrupoles
representing the main quadrupoles in the arcs, and thick
quadrupoles in the insertions. The 392 main quadrupoles
are modelled by four thin multipoles without any thick
slices, thus reducing the total number of thick elements
from 1918 to 1134. In the regular LHC arc lattice the op-
tics produced with the four-slice TEAPOT model of these
quadrupoles is sufficiently close to the thick model optics
(see Fig. 1). Similarly, the dispersion function shown in
Fig. 2 is better reproduced by the TEAPOT model than by

equidistant slices, unless the number of slices is increased
by a factor of about five.

To test the new models two sequences were created us-
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Figure 1: Horizontal and vertical β∗ for the injection (up-
per) and nominal collision optics (lower). The TEAPOT

approach is clearly superior in terms of reproducibility of
optical parameters. The lattice used is the one with thin
quadrupoles in the arcs.

ing ad hoc tools, starting from the thin sequence produced
by MAKETHIN. For each insertion quadrupole (containing
either two or four thin slices) two thick slice types of dif-
ferent length had to be created to fill up the three or five
empty spaces between and around the thin multipoles. The
integrated nominal gradient had to be transferred from the
thin multipoles to the thick slices.

In a second step, the LHC error macros were modified.

o Teapot slicing

solid line:  equidistant slices
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Figure 2: Horizontal dispersion for the injection optics.
Also in this case the TEAPOT approach is clearly superior
in terms of reproducibility of optical parameters. The lat-
tice used is the one with thin quadrupoles in the arcs.
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TEAPOT slicing
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Mteapot(K, L, n, δ) = Mdrift(L δ) Mthin(
KL

n
) Mdrift(L ∆)

(n−1)

Mthin(
KL

n
) Mdrift(L δ)

Mteapot(K, L, n, δ)2,1 = −K2L 1 − K2L2

6
1 +

1

n
(1 − 2δ) +

K4L4

120

(n2 − 4)(n + 1)

n2(n − 1)
(1 − 2δ)2

Taylor expansions to 5th order on L

= 1     for  δ =
1

2

1

1 + n

so that

Mteapot(K, L, n)2,1 = −K2L 1 − K2L2

6
+

K4L4

120

n2 − 4

n2 − 1

Mthick(K, L)2,1 = −K2L 1 − K2L2

6
+

K4L4

120

which agrees with the thick matrix element to L3



TEAPOT slicing
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n δ ∆ teapot ∆ simple
2 1/6 n/3 = 0.6666 1/n = 0.5
3 1/8 n/8 = 0.375 1/n = 0.33333
4 1/10 n/15 = 0.2666 1/n = 0.25
n 1/(2(1 + n)) n/(n2 − 1) 1/n

static double
teapot_at_shift(int slices,int slice_no)
{
  double at = 0;
  switch (slices)
  {
    case 1:
      at = 0.;
      break;
    case 2:
      if (slice_no == 1) at = -1./3.;
      if (slice_no == 2) at = +1./3.;
      break;
    case 3:
      if (slice_no == 1) at = -3./8.;
      if (slice_no == 2) at = 0.;
      if (slice_no == 3) at = +3./8.;
      break;
    case 4:
      if (slice_no == 1) at = -2./5.;
      if (slice_no == 2) at = -2./15.;
      if (slice_no == 3) at = +2./15.;
      if (slice_no == 4) at = +2./5.;
      break;
  }
  /* return the simple style if slices > 4 */
  if (slices > 4) at = simple_at_shift(slices,slice_no);
  return at;
}

inline double teapot_at_shift(int n,int i)

{return ( (n>1) ? (0.5*n*(1-2*i+n)/(1-n*n)) :0 );} 

old code in makethin, limited to 4

new code, OK for any n

result exactly the same as before for n = 2, 3, 4
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For
� =

1

2

1

1 + n

(10)

this reproduces the thick quadrupole kick to 3rd order given in Eq. 5 :

M
teapot

(K,L, n)

2,1 = �K

2

L


1� K

2

L

2

6

+

K

4

L

4

120

n

2 � 4

n

2 � 1

�
. (11)

A comparison of simple and teapot slicing with numerical values for �,� is given in Table 1.

Table 1: Comparison of distanced used in teapot and simple slicing

n � � teapot � simple

2 1/6 n/3 = 0.6666 1/n = 0.5

3 1/8 n/8 = 0.375 1/n = 0.33333

4 1/10 n/15 = 0.2666 1/n = 0.25

n 1/(2(1 + n)) n/(n

2 � 1) 1/n

4 Note on literature and alternative methods
The teapot style algorithm developed by R. Talman [2] in the context of the program TEAPOT [1],
was limited to 4 slices and considered 2, 3 and 4 slices as individual cases. It agrees with the general
expression derived here, given in Eq. 10.

Eq. 10 can be considered as a generalization of teapot slicing to any n > 1 and actually simplifies
the implementation of this algorithm in the code makethin used in MAD-X.

For a recent discussion of quadrupole slicing in the context of MAD-X see [3, 4].
More accurate, but also more complex slicing algorithms are known in the context of symplectic

maps. They typically involve negative drift spaces which makes them more difficult to implement in
simple tracking methods as used in MAD-X . For the more general subject of symplectic approxi-
mations of transport maps we refer to [5] and [6]. A nice pedagogical summary can also be found in
lectures given by A. Chao [7].

5 Acknowledgment
I would like to thank Massimo Giovannozzi, Thys Risselada, John Jowett, Werner Herr and Laurent
Deniau for fruitful discussions.
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2
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2
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4
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Matrices to 5-order

10

6 Appendix A. Matrices to 5-th order
In the text we concentrated on the most relevant matrix element (2,1) and derived a simple expression
using a single parameter � for the positioning of the thin quadrupoles, such that this matrix element
reproduces the thick quadrupole to 3rd order.

Here we give for completeness the full matrix expressions to 5-th order. These truncated Taylor
series matrices are not symplectic. The diagonal matrix elements are equal m

1,1 = m

2,2 and close to
1. The m

1,2 matrix element is basically the length of the object.
For the thick matrix we have

M
thick

(K,L) =

0

BB@

1� K2L2

2

+

K4L4

24

L

⇣
1� K2L2

6

+

K4L4

120

⌘

�K

2

L

⇣
1� K2L2

6

+

K4L4

120

⌘
1� K2L2

2

+

K4L4

24

1

CCA

M
teapot

(K,L, n) =

0

BB@

1� K2L2

2

+

K4L4

24

n2�2

n2�1

L

⇣
1� K2L2

6

2n2�3

2n2�2

+

K4L4

120

n4�4n2
+5

n4�2n2
+1

⌘

�K

2

L

⇣
1� K2L2

6

+

K4L4

120

n2�4

n2�1

⌘
1� K2L2

2

+

K4L4

24

n2�2

n2�1

1

CCA

M
simple

(K,L, n) =

0

BB@

1� K2L2

2

+

K4L4

24

�
1� 1

n2

�
L

⇣
1� K2L2

6

�
1 +

1

2n2

�
+

K4L4

120

�
1� 1

n4

�⌘

�K

2

L

⇣
1� K2L2

6

�
1� 1

n2

�
+

K4L4

120

�
1� 5

n2 +
4

n4

�⌘
1� K2L2

2

+

K4L4

24

�
1� 1

n2

�

1

CCA

6
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Rewrite this in terms of focal length f =

1

K2L , and the ratio of length to focal length r = L/f ,
K

2

L

2

= L/f = r,
K

4

L

4

= L

2

/f

2

= r

2.

For the thick matrix we have

M
thick

(K,L) =

0

BB@

1� r
2

+

r2

24

L

⇣
1� r

6

+

r2

120

⌘

� 1

f

⇣
1� r

6

+

r2

120

⌘
1� r

2

+

r2

24

1

CCA

M
teapot

(K,L, n) =

0

BB@

1� r
2

+

r2

24

n2�2

n2�1

L

⇣
1� r

6

2n2�3

2n2�2

+

r2

120

n4�4n2
+5

n4�2n2
+1

⌘

� 1

f

⇣
1� r

6

+

r2

120

n2�4

n2�1

⌘
1� r

2

+

r2

24

n2�2

n2�1

1
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M
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0

BB@

1� r
2

+

r2
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�
1� 1

n2

�
L

⇣
1� r

6

�
1 +

1

2n2

�
+

r2

120

�
1� 1

n4

�⌘

� 1

f

⇣
1� r

6

�
1� 1

n2

�
+

r2

120

�
1� 5

n2 +
4

n4

�⌘
1� r

2

+

r2

24

�
1� 1

n2

�

1

CCA
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Rewrite this in terms of focal length f =

1

K2L , and the ratio of length to focal length r = L/f ,
K

2

L

2

= L/f = r,
K

4

L

4

= L

2

/f

2

= r

2.

For the thick matrix we have
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+
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+
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+
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1
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M
teapot
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0
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1� r
2

+

r2

24

n2�2

n2�1

L

⇣
1� r

6

2n2�3

2n2�2

+

r2

120

n4�4n2
+5

n4�2n2
+1

⌘

� 1

f

⇣
1� r

6

+

r2

120

n2�4

n2�1

⌘
1� r

2

+

r2

24

n2�2

n2�1

1

CCA

M
simple

(K,L, n) =

0

BB@

1� r
2

+

r2

24

�
1� 1

n2

�
L

⇣
1� r

6

�
1 +

1

2n2

�
+

r2

120

�
1� 1

n4

�⌘

� 1

f

⇣
1� r

6

�
1� 1

n2

�
+

r2

120

�
1� 5

n2 +
4

n4

�⌘
1� r

2

+

r2

24

�
1� 1

n2

�

1

CCA
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Arc quadrupoles   L = 3.1 m   K = √0.0088 /m    KL = 0.291,  f = 36.65 m,   r = 0.84568 

MatrixForm@QuadThinnTeapot5 D

1 -
K2 L2

2
+

K4 L4 I-2+n2M

24 I-1+n2M
L -

K2 L3 I-3+2 n2M

12 I-1+n2M
+

K4 L5 I5-4 n2+n4M

120 I-1+n2M2

-K2 L +
K4 L3

6
-

K6 L5 I-4+n2M

120 I-1+n2M
1 -

K2 L2

2
+

K4 L4 I-2+n2M

24 I-1+n2M

H* written as in Appendix of my Note *L

myQuadThinnTeapot5 =
1 -

K2 L2

2
+

1
24

K4 L4
n2-2
n2-1

L -
K2 L3

6
2 n2-3
2 n2-2

+
K4 L5

120
n4-4 n2+5
n4-2 n2+1

-K2 L +
K4 L3

6
-

K6 L5

120
n2-4
n2-1

1 -
K2 L2

2
+

1
24

K4 L4
n2-2
n2-1

;

MatrixForm@Simplify@QuadThinnTeapot5 - myQuadThinnTeapot5DD

K
0. 0.
0. 0. O

f :=
1

K2 L
; r := L2 K2 H* focal length and ratio length to focal length *L

Numerical example, standard LHC quadrupole
REAL CONST l.MQ                = 3.10;      in  ~/mad/optics/V6.503/V6.5.seq
kqd                  := -0.008600955656 ;  in ~/mad/optics/V6.503/V6.5.inj.str
kqf                  :=   0.008990100753 ;  in ~/mad/optics/V6.503/V6.5.inj.str
or roughly k = 0.0088 / m^2

L = 3.1; K = 0.0088 ;H* L in meter, K in 1êmeter *L

N@8K, K L, f, r<D

80.0938083, 0.290806, 36.6569, 0.084568<

Compare numbers of Thick and thin,  also give for info the thin quad alone

8MatrixForm@QuadThick@K , LDD,

MatrixForm@QuadThinnSlices@K , L, 1DD, MatrixForm@QuadThin@K , LDD <

:K
0.958013 3.05649

-0.0268971 0.958013 O, K
0.957716 3.03446
-0.02728 0.957716 O, K

1 0
-0.02728 1 O>

8MatrixForm@QuadThick@K , LDD, MatrixForm@QuadThinnTeapot@K, L, 2DD<

:K
0.958013 3.05649

-0.0268971 0.958013 O, K
0.957915 3.06369

-0.0268955 0.957915 O>

Look at the relative errors, add epsilon to get rid of 0/0 division problems, from this not so obvious that Teapot gener-
allybetter.   Teapot is better in focusing term (0 crossing), error goes down from 3.5e-3 to 6.e-5

:MatrixFormB
QuadThick@K , LD - QuadThinnSlices@K , L, 1D

QuadThick@K , LD
F,

MatrixFormB
QuadThick@K , LD - QuadThinnTeapot@K, L, 2D

QuadThick@K , LD
F>

:K
0.000310174 0.00720798
-0.014235 0.000310174 O, K

0.000102808 -0.00235581
0.0000603247 0.000102808 O>

TeapotSlices2dim.nb 3

Mthick =

2 slicesMsimple = Mteapot =

MatrixForm@QuadThinnTeapot5 D

1 -
K2 L2

2
+

K4 L4 I-2+n2M

24 I-1+n2M
L -

K2 L3 I-3+2 n2M

12 I-1+n2M
+

K4 L5 I5-4 n2+n4M

120 I-1+n2M2

-K2 L +
K4 L3

6
-

K6 L5 I-4+n2M

120 I-1+n2M
1 -

K2 L2

2
+

K4 L4 I-2+n2M

24 I-1+n2M

H* written as in Appendix of my Note *L

myQuadThinnTeapot5 =
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K2 L2

2
+

1
24

K4 L4
n2-2
n2-1

L -
K2 L3

6
2 n2-3
2 n2-2

+
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;

MatrixForm@Simplify@QuadThinnTeapot5 - myQuadThinnTeapot5DD

K
0. 0.
0. 0. O

f :=
1

K2 L
; r := L2 K2 H* focal length and ratio length to focal length *L

Numerical example, standard LHC quadrupole
REAL CONST l.MQ                = 3.10;      in  ~/mad/optics/V6.503/V6.5.seq
kqd                  := -0.008600955656 ;  in ~/mad/optics/V6.503/V6.5.inj.str
kqf                  :=   0.008990100753 ;  in ~/mad/optics/V6.503/V6.5.inj.str
or roughly k = 0.0088 / m^2

L = 3.1; K = 0.0088 ;H* L in meter, K in 1êmeter *L

N@8K, K L, f, r<D

80.0938083, 0.290806, 36.6569, 0.084568<

Compare numbers of Thick and thin,  also give for info the thin quad alone

8MatrixForm@QuadThick@K , LDD,

MatrixForm@QuadThinnSlices@K , L, 1DD, MatrixForm@QuadThin@K , LDD <

:K
0.958013 3.05649

-0.0268971 0.958013 O, K
0.957716 3.03446
-0.02728 0.957716 O, K

1 0
-0.02728 1 O>

8MatrixForm@QuadThick@K , LDD, MatrixForm@QuadThinnTeapot@K, L, 2DD<

:K
0.958013 3.05649

-0.0268971 0.958013 O, K
0.957915 3.06369

-0.0268955 0.957915 O>

Look at the relative errors, add epsilon to get rid of 0/0 division problems, from this not so obvious that Teapot gener-
allybetter.   Teapot is better in focusing term (0 crossing), error goes down from 3.5e-3 to 6.e-5

:MatrixFormB
QuadThick@K , LD - QuadThinnSlices@K , L, 1D

QuadThick@K , LD
F,

MatrixFormB
QuadThick@K , LD - QuadThinnTeapot@K, L, 2D

QuadThick@K , LD
F>

:K
0.000310174 0.00720798
-0.014235 0.000310174 O, K

0.000102808 -0.00235581
0.0000603247 0.000102808 O>

TeapotSlices2dim.nb 3

relative error

MatrixForm@QuadThinnTeapot5 D
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H* written as in Appendix of my Note *L
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MatrixForm@Simplify@QuadThinnTeapot5 - myQuadThinnTeapot5DD

K
0. 0.
0. 0. O

f :=
1

K2 L
; r := L2 K2 H* focal length and ratio length to focal length *L

Numerical example, standard LHC quadrupole
REAL CONST l.MQ                = 3.10;      in  ~/mad/optics/V6.503/V6.5.seq
kqd                  := -0.008600955656 ;  in ~/mad/optics/V6.503/V6.5.inj.str
kqf                  :=   0.008990100753 ;  in ~/mad/optics/V6.503/V6.5.inj.str
or roughly k = 0.0088 / m^2

L = 3.1; K = 0.0088 ;H* L in meter, K in 1êmeter *L

N@8K, K L, f, r<D

80.0938083, 0.290806, 36.6569, 0.084568<

Compare numbers of Thick and thin,  also give for info the thin quad alone

8MatrixForm@QuadThick@K , LDD,

MatrixForm@QuadThinnSlices@K , L, 1DD, MatrixForm@QuadThin@K , LDD <

:K
0.958013 3.05649

-0.0268971 0.958013 O, K
0.957716 3.03446
-0.02728 0.957716 O, K

1 0
-0.02728 1 O>

8MatrixForm@QuadThick@K , LDD, MatrixForm@QuadThinnTeapot@K, L, 2DD<

:K
0.958013 3.05649

-0.0268971 0.958013 O, K
0.957915 3.06369

-0.0268955 0.957915 O>

Look at the relative errors, add epsilon to get rid of 0/0 division problems, from this not so obvious that Teapot gener-
allybetter.   Teapot is better in focusing term (0 crossing), error goes down from 3.5e-3 to 6.e-5

:MatrixFormB
QuadThick@K , LD - QuadThinnSlices@K , L, 1D

QuadThick@K , LD
F,

MatrixFormB
QuadThick@K , LD - QuadThinnTeapot@K, L, 2D

QuadThick@K , LD
F>

:K
0.000310174 0.00720798
-0.014235 0.000310174 O, K

0.000102808 -0.00235581
0.0000603247 0.000102808 O>

TeapotSlices2dim.nb 3

In[25]:= d@n_D = d ê. sol@@1DD

Out[25]=
1

2 H1 + nL

In[26]:= QuadThinnTeapot@K_, L_, n_D :=

QuadThinnTeapotBK , L, n,
1

2 H1 + nL
F H* use the optimum d *L

In[27]:= QuadThinnTeapot5 = Simplify@Normal@Series@QuadThinnTeapot@K , L, nD, 8L, 0, 5<DDD;

In[28]:= MatrixForm@QuadThinnTeapot5 D

Out[28]//MatrixForm=

1 -
K2 L2

2
+

K4 L4 I-2+n2M

24 I-1+n2M
L -

K2 L3 I-3+2 n2M

12 I-1+n2M
+

K4 L5 I5-4 n2+n4M

120 I-1+n2M2

-K2 L +
K4 L3

6
-

K6 L5 I-4+n2M

120 I-1+n2M
1 -

K2 L2

2
+

K4 L4 I-2+n2M

24 I-1+n2M

In[29]:= H* written as in Appendix of my Note *L

In[30]:= myQuadThinnTeapot5 =
1 -

K2 L2

2
+

1
24

K4 L4
n2-2
n2-1

L -
K2 L3

6
2 n2-3
2 n2-2

+
K4 L5

120
n4-4 n2+5
n4-2 n2+1

-K2 L +
K4 L3

6
-

K6 L5

120
n2-4
n2-1

1 -
K2 L2

2
+

1
24

K4 L4
n2-2
n2-1

;

In[31]:= MatrixForm@Simplify@QuadThinnTeapot5 - myQuadThinnTeapot5DD

Out[31]//MatrixForm=

K
0 0
0 0 O

In[32]:= f :=
1

K2 L
; r := L2 K2 H* focal length and ratio length to focal length *L

Numerical example, standard LHC quadrupole
REAL CONST l.MQ                = 3.10;      in  ~/mad/optics/V6.503/V6.5.seq
kqd                  := -0.008600955656 ;  in ~/mad/optics/V6.503/V6.5.inj.str
kqf                  :=   0.008990100753 ;  in ~/mad/optics/V6.503/V6.5.inj.str
or roughly k = 0.0088 / m^2

In[33]:= L = 3.1; K = 0.0088 ;H* L in meter, K in 1êmeter *L

In[34]:= N@8K, K L, f, r<D

Out[34]= 80.0938083, 0.290806, 36.6569, 0.084568<

Compare numbers of Thick and thin,  also give for info the thin quad alone

In[35]:= 8MatrixForm@QuadThick@K , LDD,

MatrixForm@QuadThinnSlices@K , L, 2DD, MatrixForm@QuadThin@K , LDD <

Out[35]= :K
0.958013 3.05649

-0.0268971 0.958013 O, K
0.957939 3.05102

-0.0269916 0.957939 O, K
1 0

-0.02728 1 O>

TeapotSlices2dim.nb 3

In[36]:= 8MatrixForm@QuadThick@K , LDD, MatrixForm@QuadThinnTeapot@K, L, 2DD<

Out[36]= :K
0.958013 3.05649

-0.0268971 0.958013 O, K
0.957915 3.06369

-0.0268955 0.957915 O>

Look at the relative errors, add epsilon to get rid of 0/0 division problems, from this not so obvious that Teapot gener-
allybetter.   Teapot is better in focusing term (0 crossing), error goes down from 3.5e-3 to 6.e-5

In[37]:= :MatrixFormB
QuadThick@K , LD - QuadThinnSlices@K , L, 2D

QuadThick@K , LD
F,

MatrixFormB
QuadThick@K , LD - QuadThinnTeapot@K, L, 2D

QuadThick@K , LD
F>

Out[37]= :K
0.0000768869 0.00179057
-0.0035135 0.0000768869 O, K

0.000102808 -0.00235581
0.0000603247 0.000102808 O>

We can also use
M1 - M2

M1
= 1 -

M2

M1
to rewrite this differently

In[38]:= MatrixFormB1 -
QuadThinnSlices@K , L, 1D

QuadThick@K , LD
F

Out[38]//MatrixForm=

K
0.000310174 0.00720798
-0.014235 0.000310174 O

See how much Teapot is better, about 60 times better in the focusing term for 2 slices, and very similar in the other
terms

In[39]:= MatrixFormB
QuadThick@K , LD - QuadThinnSlices@K , L, 2D

QuadThick@K , LD - QuadThinnTeapot@K, L, 2D
F

Out[39]//MatrixForm=

K
0.747871 -0.760066
-58.2432 0.747871 O

3 slices, Simple error now 1.6e-3, Teapot error 2e-5

In[40]:= 8MatrixForm@QuadThinnSlices@K, L, 3DD, MatrixForm@QuadThinnTeapot@K, L, 3DD<

Out[40]= :K
0.95798 3.05406

-0.026939 0.95798 O, K
0.957976 3.05918

-0.0268965 0.957976 O>

In[41]:= :MatrixFormB
QuadThick@K , LD - QuadThinnSlices@K, L, 3D

QuadThick@K , LD
F,

MatrixFormB
QuadThick@K , LD - QuadThinnTeapot@K, L, 3D

QuadThick@K , LD
F>

Out[41]= :K
0.0000341185 0.000794878
-0.00155789 0.0000341185 O, K

0.0000384167 -0.000880306
0.0000225458 0.0000384167 O>

In[42]:= Timnow = TimeUsed@D; Print@Timnow - TimlasD; Timlas = Timnow;

5.02956

4 slices, Simple error now 9e-4, Teapot error 1.2e-5

TeapotSlices2dim.nb 4

Teapot nearly 60× better in M21
For the other matrix elements the 
precision is similar to simple 
slicing


